A DIAGRAM FOR BIANCHI A-TYPES 



by 

E.L. Schiicking, E. Surowitz, and J. Zhao 

Abstract 

A diagram for Bianchi spaces with vanishing vector of structure 
constants (type A in the Ellis-MacCallum classification) illustrates 
the relations among their different types under similarity transfor- 
mations. The Ricci coefficients and the Ricci tensor are related by a 
Cremona transformation. 

1 Introduction 

Luigi Bianchi studied the geometry of 3-dimensional Riemannian mani- 
folds admitting isometries of simply transitive Lie groups. He classified 
these spaces based on a classification of the structure constants for the Lie 
algebras of their isometries pQ . 

The tensor of the structure constants Cijk 

Cijk = -Cikj, i,j,k = 1,2,3 (1.1) 

of the real 3-dimensional Lie algebras can be split into a vector Ck 

Ck = cuk (1.2) 
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and a vector-free part nu 
1 

nu = g 



Cfjfc - - (Sij c k - S ik Cj) 



tjki (1-3) 



which is a rank two tensor density. It is easy to see that nu is symmetric 
since 

nue ip £ = 0. (1.4) 
Here is the completely skew-symmetric Levi-Civita symbol with 

£123 = +1 (1.5) 

and we do not distinguish between contra- and covariant indices because 
we classify with the orthogonal group in the Lie algebra. 

We want to show in the following that the vector-free Bianchi types 
exhibit a simple relation between group and curvature properties that can 
be exhibited in a simple diagram. For diagrams of the Bianchi types see 
also 0, 0. 

2 Homogeneous Spaces 

The metric of a homogeneous space is given by 

ds 2 — u>i u>i , i=l,2,...,n (2-1) 

where the a;, are n left-invariant differential one-forms. Assuming vanishing 
torsion Elie Cartan's first structural equations are 

du>i = u>ij A u>j , Wjj = — ujji . (2-2) 

The n(n — l)/2 u>ij are known as the connection forms. They can be 
developed in terms of the solder forms u>k giving 

Wjj = gijk ^>k , gijk = — 9jik ■ (2.3) 



2 



The gijk were introduced by Giorgio Ricci Curbastro and are named after 
him the Ricci coefficients. 

The Maurer-Cartan equations for the left-invariant differential forms u>i 
are given by 

dui = ~ c ijk ojj A uj k , (2.4) 

where Cyfc are the structure constants of the simply transitive group of 
isometries. We have from (12.21 and (|2.3|) 

duj l = -g ijk ojj A uj k (2.5) 

and obtain now, by comparison with (|2.4|) 

c^k = g^k — gikj ■ (2.6) 

This means that the structure constants are obtained as twice the skew- 
symmetric part of the Ricci coefficients with respect to their last two in- 
dices. 

Writing the last equation 3 times cyclically we obtain 

Cijk ~t~ Cjki Ckij 2 gijk ■ (2-7) 

Since the structure constants are constant, i.e., position-independent, it 
follows that the Ricci coefficients for the Bianchi spaces are also constant. 
As we shall see, it is the Ricci coefficients which are the parameters of 
choice. 

The Jacobi identities for the structure constants Cijk read 

C£imCmjk ~t~ Qjmf-mfei ~t~ CikmCmij ■ (2-8) 

Contracting the indices I and i we get the identities 0] 

CiCijk = . (2.9) 
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3 The Ricci Tensor 

The curvature 2-form fij^ is defined by 

ilik = dlOik — LOij A LOjk , flik — —^ki ■ (3-1) 

The identities 

= a ik A iu k (3.2) 

give then the equivalent of the Jacobi identities for the structure constants 
of the Lie algebra. 

The orthonormal components of the Riemann tensor are given by 

^ik = ^ Riklm <^t A UJ m . (3.3) 

In terms of the constant Ricci coefficients we obtain from (I2.3|) and (|3.1|) 

&ik = {gikj 9jmi ~ 9iji 9jkm) A UJ m . (3.4) 

We have thus 

Riklm = gikj i.9jml ~ 9jlm) ~ 9ijl 9jkm + 9ijm 9jkl ■ (3-5) 

This gives for the Ricci tensor 

Rkm — Rikirn — 9ikj (9jmi 9jiTa) 9iji 9jkm 9ijm 9jki ■ (3-6) 

The second term cancels the fourth term and we obtain 

Rkm — 9kij 9mji 9jii 9jkm ■ (3-7) 

We decompose now the Ricci coefficients in the same way as we did for the 
structure constants. We define the vector gi by 

9% = 9m ( 3 - 8 ) 

and obtain from l|2.6|l 

Cfc = 9k ■ (3.9) 



We notice that the expression for the Ricci tensor becomes particularly 
simple if the vectors and vanish. 

We specialize now to the 3-dimensional case of the Bianchi spaces. We 
call the vector-free part of the Ricci coefficients 



1 

Jkt 



9i 3 k + 2 {9jkh ~ 9r5jk) 
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This tensor density is also symmetric since 



tijt ■ (3.10) 



jU^k P t = 0- (3-11) 

Inverting H3.10|) we obtain 

9pqk = Ikl^pql ~ - {g q Spk - g P Sqk) ■ (3-12) 

Inserting 1|3.12[) into i|3.7[) we obtain for the Ricci tensor 

Rkm = £kit£mjpj£jjpi + tjkpjpmgj + ^ ^km9j9j ■ (3.13) 

The symmetric tensor densities ^yu and me are related by [S] 

Jit = ^njjdu - n it , nu = htjrr - Jit • (3-14) 
From I2.9|l and ll.3|l we obtain 

CiU lt = . (3.15) 
Inserting l|3.9|l and i|3.14|) the above identities become 

9% (Siejrr - Ju) = . (3.16) 



4 The Vector-free Case 

In the following we shall specialize to the vector-free case 



George Ellis and Malcolm MacCallum referred to these 3-dimensional real 
Lie algebras as "Class A" [B]. MacCallum calls them also unimodular 
algebras [7|. In this case the relation between the matrix of the Ricci 
coefficients and the matrix of the Ricci tensor becomes particularly simple. 
Specializing (|3.13() with 1|4.1|) we obtain 



Rkr, 



(4.2) 



Introducing the matrices 



r = hull . p = \\Rij\\ 



(4.3) 



we have for det ||7ij | ^ 



p = -2T" 1 detr. 



(4.4) 



Using orthogonal transformations to diagonalize the matrix T we have with 



for the Ricci tensor 







7i 










r = 







72 

















73 






7273 










p=-2 







7i 73 

















7i 72 



(4.5) 



(4.6) 



The 7j are real numbers. Under similarity transformations of the differen- 
tial forms ujj (consisting of rotations, reflections and multiplications with a 
positive number) the matrix T of the Ricci coefficients can be classified ac- 
cording to the relative signs of its diagonal elements. We have the following 
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6 possibilities 








A : 


(+,+,+) or (- 


- ") 




B : 


(+,+,-) or (- 


- +) 


and permutations 


C : 


(+,+, 0) or (- 


- 0) 


// // 


D : 


(+,-, 0)or(- 


+, 0) 


ii ii 


E : 


(+, 0, 0) or (- 


,0,0) 


n n 


F : 


(0,0,0) 







Since T is a tensor density and not a tensor the sign of its signature is not 
invariant under the similarity transformations of the metric (12.11) . 

This classification gives also a classification of the Bianchi spaces since 
the eigenvalues of the Ricci tensor are invariants. The cases A through 
E are distinct. It is remarkable that the combinations A' = (—,—,—), 
B' = (+, +, — ) and its permutations, and the possibilities C and D cannot 
occur for the Ricci tensor. Cases F and E describe both the flat Euclidean 
3-dimensional space. We show the classifications in Figure 1. 

The vector-free Bianchi spaces and their Ricci coefficients depend on two 
real parameters under similarity transformations of the differential forms 
ujj . This is plausible since the matrix T has six parameters and the similar- 
ity group has fo ur. We thought it would be nice if one had a plane diagram 
that shows the relation of the different types of the Ricci coefficients and 
Ricci tensors. Instead of a diagram for the matrix T one could consider one 
for the homogeneous quadratic polynomial 

7y afV = (4.8) 

together with the polynomial 

(x 1 ) 2 + (x 2 f + (x 3 f = (4.9) 
which is invariant under similarity transformations. 
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Figure 1: The graph shows the stereographic projections of the northern 
and the southern hemispheres from the south and the north poles of a 
sphere, respectively. The sphere is divided by three great circles which 
are orthogonal to each other. The different octants correspond to cases of 
different signs according to 1)4. 7f) while the shaded octants together with 
their boundaries do not occur for the Ricci tensor. A projective plane can 
be visualized by gluing together the two discs with rotation of one by ir. 
Thus we get a disk in uniform shade, either white or grey, with divisions. 
Topologically, 14.2|l can be viewed as a transformation from a sphere to the 
interiors of the divisions of a disk. The boundary of the disc corresponds 
to 71 + 72 + 7,3 = which is invariant under similarity transformations. 



5 A Diagram for the Vector-free Case 

The construction of a plane diagram for the vector-free case can be easily 
described using the concepts and terms of projective geometry. However, 
since physicists tend not to be conversant with them we use 3-dimensional 
vector algebra remarking that the points of the projective plane are nothing 
else but the rays originating from the origin of a 3-dimensional Euclidean 
space. A ray is defined here as all positive and negative, but not zero, mul- 
tiples of a non-zero vector. Topologically the projective plane is identical 
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with the unit sphere on which opposite points have been identified. 

A conic, like the one defined by (|4.9|l . cannot be mapped as a set of 
rays since it allows no real solutions. We interpret a symmetric matrix ciy 
with non-vanishing determinant up to a factor 

det \\aij |^0, a tJ = aji , (5.1) 

as giving rise to the bilinear form 

a ij x i y j = . (5.2) 

To each ray x % belongs a covector 

bj = a^x 1 (5-3) 

up to a non-vanishing factor. We have then 

brf = 0, (5.4) 

the equation of a plane of rays through the origin for the fixed ray x l . 
We apply this construction to the equation (|4.9|l with 

ctij = $ij (5-5) 
and have the result that the plane is orthogonal to the ray. Thus the ray 
x 1 = l, x 2 = 0, x 3 =0 (5.6) 

gives rise to the plane 

y 1 = (5.7) 

which is the x 2 -x 3 plane. In this way we obtain from the 3 rays along the 
coordinate axes the 3 coordinate planes orthogonal to them. Finally, we 
take a fourth ray not in the coordinate planes. We choose 

x 1 = 1 , x 2 = 1 , x 3 = 1 . (5.8) 
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It gives rise to a plane through the origin with equation 

y 1 + y 2 + y 3 = o. (5.9) 

We turn now to our quadratic polynomial (|4.8|l which characterizes the 
Ricci coefficients. Since 1)4 .9f) is definite we can assume it to be in diagonal 
form 

7i(^) 2 +72(* 2 ) 2 + 7 3(x 3 ) 2 = (5.10) 

where "fj are real and determined up to a common, non- vanishing factor. 
We exclude the case that all 3 -fj vanish. The ray 

x> = 7j (5.11) 

thus gives rise to the plane 

(7i)V + (72)V + (73)V = 0. (5.12) 

The intersection of this plane with the coordinate planes gives rise to the 
3 rays 

(0,( 73 ) 2 ,-(72) 2 ), ((73) 2 ,0,-( 7l ) 2 ), (( 72 ) 2 ,-( 7l ) 2 ,0). (5.13) 

Since each ray l|5.11|l determines uniquely the plane (|5.12|) the classification 
of the Ricci coefficients is that of the rays alone. Each ray can be identified 
with a pair of opposite points on the unit sphere, equivalent to a point on 
the real projective plane. 

The map from the Ricci coefficients to the Ricci tensor given by equa- 
tions H4.5fl and (|4.6|) is not a map from rays into rays since the Ricci tensor 
remains invariant under space-reflection. To turn our map into an invert- 
ible one from the projective plane Px of the Ricci coefficient types to the 
Ricci tensor types we construct a real analog of a Riemann surface for 
the Ricci tensor types by extending the Ricci tensor into the Ricci tensor 
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volume Rjk / •v/det This results now in the ray map 

y 3 = i ( 5 - 14 ) 

X 3 

from the projective plane Px into the projective plane Py. 

As long as all x 3 are different from zero the map is one-to-one and 
invertible. It creates a correspondence between rays not lying in the coor- 
dinate planes. This correspondence, well known to algebraic geometers as a 
Cremona transformation, can be extended into a birational correspondence 
from P x to Py 0. See Figure 2. 











""blow down 






blow up 
blow down 


/y'=<> \ 
-~- >< / \ y'=o 










blow up 





Figure 2: The Cremona transformation is a special case of a birational 
map from Fx\{x 1 x 2 x 3 = 0} to $'Y\{y 1 y 2 y 3 = 0}. The graph shows the 
transformation of the coordinate planes. The rays x l — x J — which 
are intersections of the coordinate planes in Px blow up to the coordinate 
planes y k — in Py with i ^ j ^ k while the coordinate planes x l = in 
Px blow down to the intersections of coordinate planes y 3 = y k = in Py . 

The rays x 3 and y k are subject to the equations 

x 1 y 1 = x 2 y 2 = x 3 y 3 . (5.15) 
If x 1 x 2 x 3 then at least one of the y k is different from zero and thus all 
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y k are and we have 

yi = - (5.16) 
If x 1 = 0, x 2 x 3 ^ it follows that 

y 2 =y 3 = 0. (5.17) 

This shows that a coordinate plane without its axes corresponds to the 
coordinate axis orthogonal to the plane. 
Finally, if x 1 = x 2 = we have 

y 3 = 0. (5.18) 

To each coordinate axis corresponds the plane orthogonal to it. 
Figure 3. in the next section will show the correspondence. 



6 A Plane Diagram 

To obtain a diagram of the projective plane we use a gnomic projection of 
the rays through the origin to the plane 

x 1 +x 2 + x 3 = 1 . (6.1) 

This means that we normalize the jj by introducing the afc 



» I- (6-2) 



We interpret then the at as triangular coordinates. The planes x J = 
become now the sides of an equilateral triangle of height ^| and the dk ^/| 
measure the distances from the side x k — 0. The coordinates are counted 
positive towards the interior of the triangle. See Figure 3. 

A simple construction for the lines 15.13fl is given by Coxeter 9 and 
will not be repeated here. The triangular coordinates are preferred here 
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since they reflect the symmetry of the classification under permutation of 
the 3 eigenvalues jj. However, we have to admit also values of the au on 
the line at infinity since ^2 7j is allowed to vanish. 

From (|3.14(l it is clear that a classification of the Ricci coefficients under 
similarity implies a corresponding one for the structure constants of the 
group. 

Finally, we remark that the constant Ricci coefficients are examples of 
what we have called "constant gravitational fields" which we have treated 
in a book to be published 0]. 
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